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Abstract. For a C*-algebra A and a von Neumann algebra 71, we describe the 
predual of space D(A, TV) of decomposable maps from A into 1Z equipped with de- 
composable norm. This predual is found to be the matrix regular operator space 
structure on A ® 1Z* with a certain universal property. Its matrix norms are the 
largest and its positive cones on each matrix level are the smallest among all possible 
matrix regular operator space structures on A®1Z* under the two natural restrictions: 
(1) \\x®y\ sS ||x||||y|| for x e M k (A),y e Afj(ft*) and (2) v<g>w is positive if v e M k (A) + 
and w e Mi{1l*) + . 



1. Introduction 

In [H], Haagerup introduced the concept of decomposable maps between C*-algebras 
and their decomposable norms in order to prove the converse of the Wittstock decom- 
position theorem. According to the Wittstock decomposition theorem, every linear 
mapping of C*-algebra T : A — > B is a linear combination of completely positive maps 
if range B is an injective C*-algebra. Conversely, Haagerup proved that if range B is 
a von Neumann algebra, and for all C*-algebras A, if every completely bound map 
T : A — > B is a linear combination of completely positive maps, then the von Neu- 
mann algebra B is necessarily injective. Motivated by Paulsen's simple proof on the 
Wittstock decomposition theorem |Pa2] . decomposable norms have been introduced, 
which are different from completely bounded norms and well fitted to decomposition 
into completely positive maps. The Banach space of decomposable maps from A into 
B equipped with decomposable norm is denoted by D(A, B). 

Let A be a C*-algebra and 1Z a von Neumann algebra. Recall that the dual of the 
projective tensor product At&yll* is the space B(A, TV) of bounded linear maps from A 
into TZ in a canonical manner, and that the dual of the operator space projective tensor 
product A<g> A lZ* is the space CB(A, TZ) of completely bounded linear maps. It is natural 
to ask what is the predual of the space D(A, TV) of decomposable maps from A into 
TZ. This predual is found to be the matrix regular operator space structure on A (8) TZ* 
with a certain universal property. Its matrix norms are the largest and its positive 
cones on each matrix level are the smallest among all possible matrix regular operator 
space structures on A®TZ* under the two natural restrictions: (1) \\v (x)w\\ < [MIIMI 
for v e M k (A),we Mi(1Z*) and (2) v®w is positive if v e M k (A) + and w e Mi{K*) + . 

We also consider the opposite situation, wherein the matrix regular operator space 
structure on A*®B whose matrix norms are the smallest and the positive cones at each 
matrix level are the largest among all possible matrix regular operator space structures 
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on A* (x) B under the natural restriction: <p (x) ip : A* (x) B — > Mju is completely positive 
and completely contractive (c.c.p.) for all c.c.p. maps <p : A* ^> Mk and if) : B — > M/. 
We will show that the canonical embedding ^4* (g) £> D(A, B) is isometric and order 
isomorphic with respect to such a matrix regular operator space structure on ^4* (x) B. 
Therefore, its norm is consistent with Pisier's delta norm [Pit IJLM] . 

The methods of defining two extremal tensor products of matrix regular operator 
spaces can be regarded as a combination of those for operator spaces [BP[ IER1] and 
those for operator systems [KPTT] . 

2. Preliminaries 

A linear mapping of C*-algebras is called decomposable if it is a linear combination 
of completely positive maps from A into B. A linear map T : A — > B is decomposable 
if and only if there exist two completely positive maps Si, S2 '■ A — * B for which the 
linear map 

* :A - M 2 (B) : a ~ (*$ ™) 

is completely positive. Given a decomposable map T : A — » B, Haagerup defined its 
decomposable norm ||T|| dec by 

||T|| dec = inf{max{|5'i|| ) ||S2||} : ^* ^ ^ cp 0}. 

The Banach space of decomposable maps from A into B equipped with decomposable 
norms [| • \\dec is denoted by D(A,B). 

Let E be an operator space and B a C*-algebra. Pisier defined the delta norm on 
E® B by 

5(z) = sup{|(cr ■ 7r)(^)|}, zeE®B, 
where the supremum is taken over all complete contractions a : E — > B(H) and *- 
representations 7r : i5 — > B(H) with commuting ranges. Based on Pisier's result [Pi], 
Chapter 12], Junge and Le Merdy proved that the canonical embedding A* ® B ^> 
D(A, B) is isometric with respect to the delta norm | JLMj . 
A complex vector space V is matrix ordered if 

(1) V is a *-vector space (hence so is M n (V) for all n ^ 1), 

(2) each M n (V),n ^ 1, is partially ordered by a (not necessarily proper) cone 
M n (V) + c= M n (V) sa , and 

(3) if a e M m ,„, then a*M m (\/) + a c M n (F) + . 

An operator space V is called a matrix ordered operator space iff V is a matrix 
ordered vector space and for every n e N, 

(1) the *-operation is an isometry on M n (V), and 

(2) the cones M n (V) + are closed. 

For a matrix ordered operator space V and its dual space V*, the positive cone on 
M n (V*) for each n e N is defined by 

M n (V*) + = CB(V, M n ) n CP(V, M n ). 

Then the operator space dual V* with this positive cone is a matrix ordered operator 
space [HI Corollary 3.2]. 

For a matrix ordered operator space V, we say that V is a matrix regular operator 
space if for each neN and for all v e M n (V) sa 
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(1) u e M n {V) + and — u < v < u imply that \v\ n < \\u\\ n , and 

(2) \\v\\ n < 1 implies that there exists u e M n (V) + such that ||w|| n < 1 and — u < 



Due to condition (1), it is easily seen that the positive cone of a matrix regular operator 
space is always proper. In [3], the norms of matrix regular operator spaces are assumed 
to be complete. However, for simplicity, we do not make this assumption because we 
do not use [HI Theorem 4.10], wherein this completeness is indispensable. 

A matrix regular operator space can be described alternatively. A matrix ordered 
operator space V is matrix regular if and only if the following condition holds: for all 
x 6 M n (V), \\x\\ n < 1 if and only if there exist a,d s M n (V) + , \\a\\ n < 1, and ||d|| n < 1, 



The dual spaces of matrix regular operator spaces are matrix regular as well [HI 
Corollary 4.7]. The class of matrix regular operator spaces contains C*-algebras and 
their duals, preduals of von Neumann algebras, and the Schatten class S p . 

3. Tensor products of matrix regular operator spaces 

In this section, we construct two extremal tensor products of matrix regular operator 
spaces. The methods to do so can be considered as a combination of those for operator 
spaces [BPJ and those for operator systems [KPTTj . The basic observation lies in the 
fact that the matrix norms of matrix regular operator spaces are determined by the 
positive cones at each matrix level and the matrix norms on them, 



Henceforth, we first describe the positive cones at each matrix level, and then assign 
them scalar values. Next, we extend the assignment on the entire space using the above 
formula. Finally, we prove that they are actually matrix regular operator spaces. 

Definition 3.1. Suppose that V and W are matrix regular operator spaces. 

(1) We let M n (V ® 5 W) + := {z e M n {V ® W) : [(cp <g) ip)( Zij )] e M+ kl for all 
continuous c.p. maps <p : V —> M k , t/j : W —*■ Mi,k,l e N}. 

(2) For an element z in M n (V ® & W)+, let 

\z\g := sup{||[(£>® II : c.c.p. maps (p : V — > M k ,ip : W — ► M h k,l e N}. 

(3) For a general element z in M n (V (g)W), let 



In often, we abbreviate completely positive maps and completely positive completely 
contractive maps as c.p. maps and c.c.p. maps, respectively. The notation S was chosen 
owing to its consistency with Pisier's delta norm, which will be proved in Corollary I4.81 

Definition 3.2. Suppose that V and W are matrix regular operator spaces. 



M n (V® A W)+ := {a(v®w)a* e M n (VW) : v e M k (V) + , w e M[(W) + , a e M nM , k, I e N}. 



v < u. 






(1) We let 
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(2) For an element z in M n (V (g) A W)+, let 

\z\ A := inf{[|[|«[| 2 ||w||||«;|| : z = av®wa*,a<E M nM ,v e M k (V) + ,w e Mi(W) + }. 

(3) For a general element z in M n (V <g> W), let 



\z\\a '■= inf{max{|-u|A, \v\a} '■ 



u z 

Z* V 



£M 2n {V®A W) + }. 



In the above definitions, the set over which an infimum is taken is nonempty according 
to Propositions 13.31 and I3.5f 1). 

Proposition 3.3. Suppose that V and W are matrix regular operator spaces and z is 
an element in M n (V (x) W). There exist elements u±,u 2 in M n (V ®a W) + such that 
Hi z 



z" u 2 



cM 2n (V® A W). 



Proof. Suppose that z = a(v ®w)f3* for v e M k (V),w e Mi(W) and a,/3 e M n ^. By 
the matrix regularity of V and W, there exist v±,v 2 e M k (V) + and W\,w 2 e Mi(W) + 
such that 



(y v 2 ) eM ^ + and 



Wi w 

w* w 2 



e M 2l (W) + . 



Because the matrix 



(3v*®w*a* f3v 2 <®w 2 /3* 



a 0\ fv 1 v 
o p) U* v 2 



Wi w 

w* w 2 



fa* 


o\ 














V° 





belongs to M 2n (V ®a W) + , we can take 



U\ = avi (x) Wia 



and 



u 2 = f3v 2 (x) w 2 (3* 



□ 



Proposition 3.4. Suppose that V and W are matrix regular operator spaces. Then we 
have 

(1) ||zi + z 2 \\a < \\zi\\a + |N|a, zi,z 2 e M n {V® W), 

(2) jjz! + z 2 \\ s < \\z4s + \\z 2 \\ 5 , zi,z 2 e M n (V®W). 

Proof. (1) First, we suppose that elements z\, z 2 belong to M n (V ®a W) + . There exist 
Vi e M k (V) + , Wi e MtiWy, cti e M nM (i = 1, 2) such that 

Zi = otiVi®Wia* and ||ai|| 2 ||ui|| \\wi\\ < \zi\a + £ = 1,2). 

We may assume that ||t>i|| = ||u>i|| = \\v 2 \\ = \\w 2 \\ = 1 by homogeneity. Since 

z\ + z 2 = a\V\ (x) w\a\ + a 2 v 2 (x) w 2 a 2 



(«i a 2 ) f 



V 2 \ W 2 






V«2/ 
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we have 

= ||ai«* + a 2 a\ II 

< ||ai|| 2 + ||o!2|| 2 

< \z±\a + \z 2 \a + 2e, 

thus, |^i + 2 2 |a < kiU + I^U- 

Next, we consider general elements 2i, z 2 in M„(V(x) W). There exist elements ttj, 
in M n (V ® A W) + (i = 1, 2) such that 



zf v!a 



From 



e M 2n {V (x) A W)+ and |wi| A , K|a < ||^||a + s. 



U l +U l Z ) + Z2 , )eM 2n (V® A W) + , 
z\ + z\ u[ + u' 2 ' 2ny A l + 



it follows that 



\z\ + z 2 \a < max{|wi + m 2 |a, \u[ + u' 2 \&) 

< max{|Mi| A + |-u 2 |a, KIa + KIa} 

< \z\\a + I ^2 1 a + 2e. 

(2) First, we suppose that elements 2:1,22 belong to M n {V ®s W) + . For c.c.p. maps 
if : V — > Mfc and ^ : — » M/, we have 

\\(f®1p)n(zi + Z 2 )\\ < ||(V®^)n(^l)|| + \\(¥®^)n(z 2 )\\ < | ^1 1 + \z 2 \&, 

thus, |^i + z 2 1 ^ < 1 0i 1 5 + I z 2 1 j. The remaining proof is similar to (1). □ 

Proposition 3.5. Suppose that V and W are matrix regular operator spaces. 

(1) M n (V ®a W)+ is a subcone of the proper cone M n (V ®s W) + . 

(2) \\z\\ s < ||z|| A , zeM n {V®W). 

(3) || • || s and [| • [|a are norms on M n (V®W). 

Proof. (1) Suppose that z e M n (V®s W) + n — M n (V ®$W) + . For continuous c.p. maps 
if : V — > Mfc and ip : — > Mi, we have 

(^<x)^)(z) e M n + w n-M n + H = {0}. 

The dual spaces of matrix regular operator spaces are also matrix regular [S] Corollary 
4.7]. It implies that every completely bounded linear map from a matrix regular oper- 
ator space into a matrix algebra is a linear combination of completely positive maps. 
Therefore, we have H^Hjvf^rvgjw) = 0> which implies that z = 0. M n (V (8)5 W) + is a 
proper cone. Let 

z = av®wa* e M n (V ® A + , « 6 M p (V) + ,w e M g (W) + ,as M nm . 

Since 

(f ® ^) n (z) = a(^ p (v) (8) e M+ H , 

M n (V ®a VK)+ is a subcone of the proper cone M n (V ®s W) + . 

(2) Suppose that ip : V — > and -0 : W -> Mi are c.c.p. maps. Since 

\\(f®Tp) n (av®wa*)\\ < ||a|| 2 ||^ fc (w)||||'0z(w)|| < ||a|| 2 ||u|| 



XX 

Ma, K|a < Na + £ and ( * ) e M 2n (V ® A W) + . 
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we have 

Htf^HA, ueM n {V® A W) + . 

For a general element z in M n {V ® W), there exist elements u, u' in M n {V ® W) such 
that 

luL, \u'\a < IUIIa + £ and 

Since |m|<j ^ |m|a, K|<5 < W\a and M n (V(g)A c M n {V ®s W) + , we see that 

|| z || 5 ^ max{|«|,5, |w'|«5} ^ max{|w|A, |u'|a} < ||-2||a + £■ 

(3) Suppose that \\z\\ s = for z e M n (V <x) W). There exist u,u' e M n {V ®& W) + 
such that 

XX z \ 

» , ) e M 2n {V ® S W) + and |«| 5 , |w | 5 < e. 

Z IX J 

For c.c.p. maps <p : V — > M fc and ^ : W — » Mj, we have 



(>(g>V)nO*) (^®V)nK) 



It follows that 

|| (<£> ® ^)n(z) || «S max{ || {ip ® ^)n(u) || , || (<£> ® $)n{u') || < max{ (m'^} < e, 

thus {<f®ip) n {z) = 0. Since every completely bounded linear map from a matrix regular 
operator space into a matrix algebra is a linear combination of completely positive maps, 
we have |z| Mn ( V - ( g w -) = 0, which implies that z = 0. By (2), ||z||a = also implies that 
z = 0. " " □ 

Recall that the positive cones of matrix ordered operator spaces are closed. Therefore, 
a closure process is required. We denote the closure of M n {V ®s W) + with respect to 
norm || • \M n {v® s w) by M n {V ®s W) + . We also denote the closure of M n {V ® A W) + 
with respect to norm || • |m„(v® a wo by M n {V ® A W) + . 

Proposition 3.6. Suppose that V and W are matrix regular operator spaces. 

(1) The involution is an isometry on M n {V ® A W) and M n {V ®$ W), respectively. 

(2) Elements in M n {V ® A W) + and M n {V ® s W) + are self-adjoint. 

(3) M n {V® 5 W) + = M n {V® s W) + . 

(4) M n {V ®a W) + is a subcone of the proper cone M n {V ®s W) + . 
Proof. (1) From 

'0 l\ (u z\ (0 l\ _ fu z* 
10) \z* u') \1 o) ~ \z v! 1 ' 

we see that ||z||a = ||z*||a and \\z\\s = \\z*\\s for z e M n {V ® W). 

(2) It is obvious that elements in M n {V ® A W) + are self-adjoint. If z e M n {V ®$W) + 
and ip : V — > M^^ip : W — » Mi are c.c.p. maps, then we have {ip ® ip) n {z) = {tp ® 
ip) n {z)* = {f®ip) n {z*). Because every completely bounded map from a matrix regular 
operator space into a matrix algebra is a linear combination of completely positive 
maps, \\z — z*\\M n (v® v w) = 0, and hence z = z* . By (1), elements in their closures are 
also self-adjoint. 
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(3) Suppose that Zj e M n (V<S)s W) + converges to z with respect to norm || • \\s. There 
exist Uj, u'j in M n (V <S)g W)+ such that 



Uj : — : , 



z - Zj Uj 



, 3 J e M 2n (V ® s W)+ and lim \uA s = = lim \u'A 5 . 



J->CO 



It follows that 

\\(<P®i>)n(z ~ Zj)\\ «S max{||(<p(g) 1p) n (Uj)\\, \\{<p ® ip)n(u'j)\\} max{|wj|<5, l^-la} -> 

for all c.c.p. maps ^ : V — > M fc , ip : W ^> M h so, (y? (x) ip) n (z) > 0. 
(4) It follows from Proposition 13.51 (1) and (2). 

Theorem 3.7. Suppose that V and W are matrix regular operator spaces. Then, 

(V®W,{\\ ■ \\ Mn (v® A w)}nm,{M n (V® A W) + )} nm ) 
is a matrix regular operator space with a subcross matrix norm. 
Proof. Let Zi e M m (V ®W) (i = 1,2). There exist u h u' { e M Ui (V ® A W)+ such that 



□ 



) ) e M 2rH (V ® A W) + and |u;| A , K|a < N|a + e (« = 1,2). 



Let 



«i = aiVi<S)Wia*, a* e M ni)kik ,Vi e M ki (V) + ,Wi e M h (W) + 

with || oti || 2 1| Vi |j || < \ui\ A + e'. We may assume that |wj|| = \\wi\\ = 1 by homogeneity 
Since 

fat 0\ 

'mi 0' 
u 2i 



a x Wui \ /^i 
a 2 ) I r, 1 :; 



w 2 





V a*/ 



we have 



Consequently, 



1 ( Ul 


1 


1 V o 


u 2 1 



a < max{||ai|| 2 , ||a 2 || 2 } < max{|wi| A , |w 2 | A } + e'- 











1 1 Ul 

1 v° 




u 2 J 


| A < max{|«i| A , 


Ma}- 


From 
















/ Ui Zi 


\ 




(\ 




\ 


(ui Zi ^ 




A 


u 2 








1 










z* u[ 








1 








l 


\ 4 


u' 2 j 




V 




V 


V 4 «^ 




V 



M 2(ni+na) (V® A W0 + , 



V 



it follows that 



2x 

z 2 



U ^ max-j 



ui 



«; o . 

u> 2 1a} 



u 2 

«S max{|ui| A , |u 2 | A , |ui| A) |u 2 | A } 
< max{||^i|| A , 1^2 1 a} + £• 
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Let z e M n (V ® W) and a, f3 e M m>n . There exist u, u' e M n (V ® A W)+ such that 
/ u z \ 

( * u , J e M 2n (V ® A W) + and |u| A , |u'| a < ||z|| A + e. 

We may assume that \\a\\ = \\(3\\ by homogeneity. Since 

aua* az/3 \ fa 0\ f u z\ ( a* 0\ ,, T , n 
P*z*a* P*u>p) = {0 P*)[z* vf)[o p) E M *»<y 

we have 

||o!Z/5|| A ^ max{|o;ttQ;*| A , \P*u'P\a} 

< max{[|a[| 2 |tt| A , ||/3|| 2 |w'| A } 

< ||a||/3|(lk|A + e)- 

Hence, (V <g> W, {\\ ■ \\M n (v® A w)}neN) is an operator space. 

Let v 6 M fc (V) and tu e Afi(W) with < 1, ||w|| < 1. There exist v 1 ,v 2 e M k (V)^ H<1 
and Wi,w 2 e M;(lT / )y <1 such that 

(- e M 2t (V)+ and (j* ») e M 2 ^) + . 

From 

f i ® Wi t> (x) to \ _ A 0\ u \ /wi u> 

® v 2 ® w 2 y v° V \ v * v v \ w * W2 
e M 2fc ,(y® A W0+, 

it follows that 

||u<8>k;||a < max{|vi ® u>i|a, \v 2 ®w 2 \ A } < max{|?;i| ||wi||, ||v 2 || ||w 2 ||} < I. 

Therefore, || • ||a is a subcross matrix norm. 
If u e M n (V ® A + , then 



A 
















1° 


V 



})«(! 1) eM 2n (y® A ^) + , 



it u 
u u 

and consequently, ||w||a ^ Ma- Let ||z||a < 1- There exist u,u' e M n (V ®a W) + such 
that 

XI Z \ 

* , 1 6 M2r,(V®A W)+ and |w| A , |u | A < 1. 

Z H J 

The matrix regularity follows from 

IMU ^ |w|a < 1 and ||w'||a =S= |w'| A < 1- 

□ 

Theorem 3.8. Suppose that V and W are matrix regular operator spaces. Then, 

(V®W,{\\ ■ \\ Mn (V® s W)}neN,{ M n(V®5 W) + } neN ) 

is a matrix regular operator space with a subcross matrix norm. 
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Proof. Let z { e M ni (V ®W) (i = 1,2). There exist u h u[ s M ni (V ® W) such that 



zj u 



)) eM 2ni (V® s W). 



and 



\ui\s, luAs < \\Zi\\s + e 



1,2). 



For c.c.p. maps : V — » and ^ : W — » Mi, the matrix 

(u x zi 0\ 

U 2 2 2 



(^®V)2(ni+n 2 )( 



;* u[ 
VO 4 u' 2 J 



is unitarily equivalent to 

((<P ® ^)m(wi) (v®^)m(«i) 
0<g>V>)niO*) 0®^) 



V 

Because 








\{(p®ip) 



ni+ri2 ' 








Ml 

u 2 






(if®ip) n2 (u 2 ) ((p®ip) n2 (z 2 ) 

(<f®lp) n2 (z*) ((p®1p)n 2 (u 2 )J 



11 ^ ((/?®^)n 2 (M 2 ) 

< max{|ui| (5 , |u 2 |i} 

< max{||2;i|| 5 , l^la} + £, 



we see that 



z 1 
2 2 



□ 



\s < max{\\zi\\s, WMs}- 
The remaining proof is similar to that of Theorem 13.71 

Theorem 3.9. Suppose that V, W and V ® a W are matrix regular operator spaces. 
(1) If || ■ || a is a subcross matrix norm and v ® w e M k i(V ® Q W) + for all v e 



M k (V) + ,w e M,(W0 + , t/ien we have 

M n (v® A w) + ^M n (v® a wy 



and 



< 



(2) IfLp®ifj : K^f — M kl is c.c.p. for all c.c.p. maps Lp : V — M fc ,^ : W — M i; 
i/ien we /iai>e 



M n (V® a W) + c M n (F® a W)" 



and 



Proo/. (1) Let u = otv®wa* e M n (V ® A W)+ for v e M k (V) + ,we Mi(W) + ,ae M nM . 
Since V ® a W is matrix ordered and || • || Q is a subcross matrix norm, it follows that 

u = av ® wo* e M n (V ® a W) + and \\u\\ a < i|«j| 2 [|f || \\w\\, 

and hence, \\u\\ a < |u|a- For a general element z in M n (V ® W), we have 



^ inf{max{|'u| z \, |m'|a} : 



/ eM 2n (v<g> A wo + } 
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From M n (V (x) A W) + c M n {V ® a W) + and || • || a < || ■ ||a, we see that 

M n (V ® A W) + c M n (V ® Q + . 

(2) Let u g M„(V(x) a PV) + . Since (¥>®^)„(u) 6 M+ fcf and |(y®^)„(u)| < \\u\\ a , we 
see that 

M n (V ® a W) + a M n (V ® 5 W) + = M n (V ® 5 W) + and |«| 5 < || u || a . 
For a general element z e M n (V ® W), we have 

^ u , J 6 M 2n (V(X),5 W) + } 

< inf{max{H| Q , || u '| a } : ^ ^ e M 2n (V(x) a W) + } 

= ll^lla- 

□ 

Proposition 3.10. Suppose that V,W and Z are matrix regular operator spaces and 
$ : V x W — > Z a completely bounded bilinear map. Then $ : V x W — > Z is 
completely positive if and only if its linearization $ : V (x) A W — > Z completely 
positive. In this case, \\§\\ c b = ll^llcb- 

Proof. Suppose that the bilinear map $ : V x W — > Z is completely positive. Let 

m = au (x) for -u e M P (V) + , w e M g (VF) + , a e M„ iP9 . Since 

= $ n (av ® wet*) = a$ pq (v,w)a* e M n (Z) + , 

$n(M n (T/® A tV)+) c Z+ and ||$„(u)| < ||$|UMa 

Choose an element z in M n (V ®a W)||.||<i- There exist u, e M n (V®A W) + such 
that 

f Uj z \ 

|w|a,|«'|a<1 and * , e M 2n (V ® A + . 



2 M 



Applying $ 2ri to the above matrix, we get 



By the matrix regularity of Z, we have 

\\$n(z)\\ < max{||$ n (u)||, ||$„(V) 11} < ||$|| cb max{|M|A, |u'|a} < ll $ IU- 

Since || • || a is a subcross matrix norm, we see that ||$|| c & = II ^ II cb- The complete positivity 
of $ follows from its continuity. □ 

Proposition 3.11. Suppose that Vi, V 2 and W are matrix regular operator spaces and 
$ : Vi — » V<i is completely positive. 

(1) The map 

$ ® id w ■ V\ ®a W -> V 2 ® A W 
zs completely positive with ||$ (x) id w : Vi ®a W ^> V 2 ®a W|| c6 < I^IU- 

(2) T/ie map 

$ (x) idjy : Vi (g)^ W -> V 2 0,5 W 
completely positive with 11$ (x) id w : Vi (x^ W — » V 2 ®s W\\ cb < ||$|| c b- 



THE PREDUAL OF SPACE OF DECOMPOSABLE MAPS 11 

Proof. (1) Since 

(<3? (x) id w ) n {av (x) wa*) = a$k(v) (x) wa* , 

we have {§®\d w ) n {M n {V (g) A W)+) a M n (V® A W)+ and \($®id w ) n (u)\ A < ||$|UMa 
for u e M n (V(g> A W) + . Let * e M„(V <g> W) with ||z|| A < 1. There exist u,u' e 
M n (V® A W)+ such that 

* , j e M 2n (V (x) A W) + and |u| A , \u | A < 1- 

The application of ($ (x)idw)2n and a canonical shuffle [Pa2] yield 

^>®id w ) n (*)* ($®id w )„(u')J GM2 " (F ® A ^ )+ - 
It follows that 

|| ($® id w ) n (»|| A «S max{|($®id w ) n (M)| A , |($ ® id w )„(y)| A } < ||$|U- 

Complete positivity is obtained by the continuity. 

(2) Let : V 2 -> M fc , ^ : VP -» be c.c.p. maps and u e M n {Vx ® s W) + . Since 

$ (g) id w is completely positive and |($ (x) idw) n (w)|<s < ||$|| c b|tt|5 for u s M n (V ®5 VK) + . 
The remaining proof is similar to (1). 

□ 

When a canonical shuffle [Pa2j necessary, an identification will be made without any 
mention. 

4. Decomposable maps 

We define decomposable maps between matrix regular operator spaces and their 
decomposable norms in a similar manner as for those for C*-algebras. 

Definition 4.1. Suppose that V and W are matrix regular operator spaces 

(1) A linear map T : V — > W is called decomposable if it is a linear combination of 
completely positive maps. 

(2) For a decomposable map T : V — > W, we define its decomposable norm HT^ec 
by 

||T|| dec = inf{max{|5i|, \\S 2 \\} : ^* > cv 0}- 

The space of decomposable maps from V into W equipped with decomposable norm 
dec IS denoted by D(V,W). 

Proposition 4.2. Suppose that V\,Vi and W are matrix regular operator spaces and 
$ : V\ — > V 2 is decomposable. 

(1) The map 

$ <g> id w : Vj. ® A W — V 2 (g) A W 

is decomposable with \\$ <3) idwjdec ^ ll^lldec- 

(2) The map 

$ (x) id w : 14 ®j W -» V 2 <8>a ^ 
is decomposable with ||$ (g) idjy ||d ec < H^Hdec- 
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Proof. (1) There exist completely positive maps \P : V± — *■ V2 and : Vi — > V2 such 
that the map 



is completely positive and \\W\\ c b, H^'IU < ||$||dec + £- Let t> e M fc (V) + , w e M;(W) + and 

* (8) id w $ ® idw N 
$*(g)idH/ #'(g)idw 



a e M n> ki. By the canonical shuffle, the matrix (( ^^A^ ^^vi^ ]) n (™®TO*) 



is unitarily equivalent to 



Therefore, the map 

*®id w $(x)id w \ T , _ w /tt" o tj/a 

is completely positive and 

11$ ® i&whec < max{||* ® idvrlU, II*' ® i<MU} < max{||^|| cb , ||^'|| c6 } < ||$||,fe c + e 

by Proposition 13.111 (1). 

(2) Let ip : V 2 — M fc , ^ : W — be c.c.p. maps and u e Af ft (Vi ® 5 W) + . Since 



v $* (g) id w V®id w )> ny " \ipo$* vo $'^w«^-2 n H. 
the map 

is completely positive and 

||$ (g) idv^Hdec ^ max{||\I/ (x) idvp|| c b, ||$'(x)id w || cb } < max{||$|| cb , H^'IU} < ||$||dec + £ 
by Proposition I3TTT1 (2) . □ 

As done for the operator space structure on the space of completely bounded maps, 
we define the matrix norms and positive cones on each matrix level of D(V, W) by 

M n (D(V, W) = D(V, M n (W)) and M n (D(V, W)) + = CP(V, M n (W)), 

respectively. 

Theorem 4.3. Suppose that V and W are matrix regular operator spaces. The canon- 
ical map 

$ : (v® A wy -> D(V, W*) 

is a completely isometric and completely order isomorphic isomorphism. 

Proof. Let ip e M n ((V (g> A W)*) = CB(V (g> A W, M n ). Since 

{{^ n {<p) k {v))i{w) = <p H (v ®w), vs M k (V),w E Mi(W), 

<p : V (g) A W — ► M n is completely positive if and only if : V — » M n (W*) is 

completely positive, in this case, ||<£>||c& = ||3\i(¥>)||c& by Proposition 13.101 



THE PREDUAL OF SPACE OF DECOMPOSABLE MAPS 13 

Next, let p> e M n ((V <S>a W)*)\. Since the dual spaces of matrix regular operator 
spaces are matrix regular [HI Corollary 4.7], there exist ipi, ^2 e M n ((V<S)A W)*)* such 
that 



Applying $ 2n , we get 



eCP(V,M 2n (W*)) and $ n (^)eCCP(V ; M n (W*)) (2 = 1,2). 



Hence, ||$ n (c^)||d ec < 1. The converse is merely the reverse of the above argument. □ 

Let A be a C*-algebra and TZ a von Neumann algebra. Recall that the normed 
space dual of the projective tensor product A®^ TZ* is the space B(A,TZ) of bounded 
linear maps and the operator space dual of the operator space projective tensor product 
A® A 1Z* is the space CB(A,TZ) of completely bounded linear maps. Now, we see that 
the matrix regular operator space dual of A®aTZ* is the space D(A, TZ) of decomposable 
maps. 

Corollary 4.4. Let A be a C* -algebra and TZ a von Neumann algebra. Then the 
matrix regular operator space A®aTZ* is the predual of space V(A,TZ) of Haagerup's 
decomposable maps from A into TZ. 

Lemma 4.5. Suppose that z is a positive element in M n (V ®s W). Then we have 

\z\ s = \z\s = \z\s,. 

Proof. (1) Since 

I I) = (lW l ) z M 2n {V ® 5 W) + , 
we have \z\& < \z\s- For the converse, we take u, u' in M n (V ®s W) + such that 

, , J 6 M 2n (V ® 5 W) + and \u\s, \u'\ s < \\z\\ s + e. 
For c.c.p. maps ip : V —*■ and ip : W — > Mj, we have 

n\ z ) I a A/f+ 

It follows that 

\\(<p<8>ip)n(z)\\ < max{||(</?® ip) n (u)\\, \\(<p® tp) n (u')\\ < max{|w|,5, \u'\ s } < \\z\\ s + e, 
so, \z\ s < ||z||(5. 

(2) From the definitions, it is obvious that \z\g < l^lv For the converse, we take 
complete contractions (p : V —* and *0 : W —> Mi. We can regard ip and t/> 
as elements in Mk(V*)i and Mj(W*)i, respectively. There exist ^ e MfcfV*)* and 
^ e M z (W/*) + (i = 1, 2) such that 



. ,/M a( rr and I- - )eM 2fc (M/r. 
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Because 



Ol(g>Vl)nO) (<P®ll>)n{z) \ (I 0\,/^ ^xft/Vl V> 
(p®V0»(*)* (.<P2®lk)n(z)J V° V l U* <Pl) y* ^1 



)»(*) 



/i o\ 





V° V 



we get 

|(^(8>V')n(^)|| «S max{||(v9i (X) V , l)n(^)||, ||(^2® ll>2)n(z)\\} «S |^|<5- 

Hence, ||£|| v < \z\g. □ 

Theorem 4.6. Suppose that V and W are matrix regular operator spaces. The canon- 
ical map 

V* ® 5 W ^ D(V,W) 

is a completely contractive and completely order isomorphic injection. If either V or 
W is finite dimensional, then ^ is a completely isometric isomorphism. 

Proof. For z e M n (V* (x) W),v e M k (V) and a linear map tp : W — > M/, the relation 

holds. Since the canonical inclusion V <^-> K** is completely order isomorphic and 
M k (V) + is weak*-dense in M h (V**) + , we see that * n (z) : V M n (W) is completely 
positive if and only if z e M n (V* ®sW) + . 

Let z 6 M n (V*(g)W) with [| ^ || ^ < 1. Then there exist elements u, u' in M n (V*®sW) + 
such that 



The linear map 



(j* e M 2n (V* ® s W)+ and \u'\ s < I. 



is completely positive. By Lemma 14. 5[ we have 

||*n(w)||c& = |w|| v = \u\s < 1 and ||*n(V) IU = IKlv = \u'\s < 1) 

so, || ty n (z) || dec < 1- Hence, \I/ is completely contractive. 

If either V or H 7 is finite dimensional, then every linear map from V into W has a 
finite rank. Consequently, we can find u and v! in the reverse of the above argument. □ 

Corollary 4.7. Suppose that V and W are matrix regular operator spaces such that 
one of them is finite dimensional. Then the identification 

V* ® s W* = (V (x)a Wf 

is completely isometric and completely order isomorphic. 

Proof. By Theorems 14.31 and 14.61 the identifications 

V* ® 5 W* = D(V, W*) = (V (g) A wy 

are completely isometric and completely order isomorphic. □ 

The following corollary is the reason why we chose the symbol 5. 
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Corollary 4.8. Suppose that A and B are C* -algebras. The canonical map 

^ :A*® & B^ D(A, B) 

is a completely isometric and completely order isomorphic injection. Consequently, the 
norm \ • \$ on A* ®B coincides with Pisier's delta norm. 

Proof. By Theorem I4.6[ \I/ is completely contractive and completely order isomorphic. 
Let || ^ n (z) || dec < 1- Since ^ n (z) : A — > M n (B) has a finite rank, it has a factorization 

A *-^^M n (B) 





with || 5 1| dec < 1) l^ldec < 1 by [JLMl Theorem 2.1]. There exist cp. maps S{ : A —> M k 
and Ti : M k — > M n {B) (i = 1,2) such that || S'i || c &, ||Tj|| cb < 1 and 



Si S\ (Ti T 

s* s 2 h It* t 2 



Since Si : A—> M k and 7] : M k — > B have finite ranks, we can consider m e M n (A* ®B) 
such that ty n (ui) = Tj o Si. By [Hj Remark 1.2], the map 

is completely positive. Since |ttj|,5 = j|wi|| v = \\Ti ° SiWd, < 1, we have |z||,5 < 1. 

The last statement follows from (PTJ, Corollary 12.5] and [JLAd] Theorem 2.1]. □ 

Haagerup's results [Hj Theorem 2.1] and [HI Proposition 3.4] can be rephrased as the 
following two corollaries. 

Corollary 4.9. Let 71 be a von Neumann algebra. Then the following seven conditions 
are equivalent: 

(i) 7Z is injective; 

(ii) for every C* -algebra A, two norms || ■ || A and || • ||a on A® 71* coincide; 

(iii) for every C* -algebra A, two norms || • || v and || • \$ on A* ®7Z coincide; 

(iv) for every n e N, two norms || • || A and || • ||a on ® 7£* coincide; 

(v) /or every n e N, two norms || • || v and || • ||<$ on 072. coincide; 

(vi) two norms j| • || A and || • ||a on £™ (x) 7?.* are equivalent uniformly for n e N; 

(vii) two norms \\ ■ \\ v and || • ||^ on 1™®7Z are equivalent uniformly for neN. 

Corollary 4.10. Let 7Z be a von Neumann algebra. Then, 

(1) two norms || • || A and || • ||a coincide on £^(3 71*. 

(2) two norms || • || v and || • ||^ coincide on (t\ ®7Z. 

A finite factor 7?. can be regarded as an algebraic subspace of its predual 7?.* via 

x 6 7£ i— >• tr( • x) 6 72.*. 
The inclusion 7?. c TZ* is order isomorphic. 
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Theorem 4.11. Suppose that 1Z is a finite factor and that u±, ■ ■ ■ , u n e 1Z are arbitrary 
unitaries. Then we have 



7j e fc ® u k\e&®&.K* — 1- 



/c=i 



Proof. From 



1 ® 1 ELi e k ® u k\ = y> [ e A ® 1 e k ®u k 
ELi e *® w fc i® 1 / j^iVefc®Mfc e fe (g)l 



1 Mfc 
6M 2 (C ®A + , 



fe=l v " 



it follows that 

n 

[| Yj 6 k ® UkWi^A-R-* < I 1 ® !|a < 1- 
fc=l 

For the converse, we will appeal to the duality. Let c denote the counting measure. By 
Theorem 14.81 and Corollary 14. 7\ we have 

n = (c(g)tr)(l <g) 1) 



= (c(g)tr)((2 efc®^)^^®^*)) 
fc=i i=i 

n n 

< II J] e fc ®tt A ||*n® AW j2 e i®wfll*?® 4 w 

fc=l «=1 

n n 

< II J] efc ® M fcll^®A7e*(2 ll e 'lkl u *lk) 

fc=i «=i 

n 

= n\\ Y efc®Wfc||<s® A w«. 



fc=i 



□ 



Corollary 4.12. Suppose that g±, - ■ ■ ,g n are the generators for the free group ¥ n . Then 
we have 

n n 

[| J] efe ® A (^)ll^®Ai(F„)* = 1 « nc? II 2 efc ® A (°fc)ik®^(Fn)* > o y r 

fc=l fc=l - 1 

/or n 5= 2. 

Proo/. By [ER2l Theorem 5.4.7], 

n 

|| 2j ^ ^ A (°fc)lk?®vL(Fn) ^ - 1. 

fe=l 

The remaining proof is similar to the above if we apply the duality between the operator 
space injective and projective tensor products. □ 

Theorem 4.13. Suppose that V and W are matrix regular operator spaces and z is an 
element ofV* ®W . 
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(1) z belongs to (V* (x) A W) + if and only if its associated finite rank map ^(z) : 
V — » W has a factorization 

= SoR 

where R : V — > and S 1 : — » FF are completely positive. 

(2) Under assumption (1), \z\& < I if and only if we can take R as a c.c.p. map 
and S(x) = ax ®wa* for a row vector a with \\a\\ e ki < 1 and w e MiiW)^ . 

(3) ||z||a < 1 */ and on/y i/ inere exzsi $j : F — > W{i = 1,2) such that the map 

Wo- tV^' 

aas a completely positive matrix factorization and $j /ias t/ie factorization $j = 
1% o i?j snc/i i/iai i?j : F — > M fc . zs c.c.p. and : M k . — » aas iae /orm 
S'i(x) = ajX (x) u^a* /or a row vector on with Ha^Lfe^ < 1 and iOj e iWj i (W)] t ". 

Proof. (1) =>) 2 can be written as 

z = aR®wa*, a e M 1M , R e M k (V*) + , w e M,(W). 

Since Mfc(V*) + = CP(V, M^), we can regard R as a completely positive map from V 
into M k . We define 5 : M k — » W by S'(x) = ax (x) -foa*. Then 5 is completely positive 
and #(z) = SoR. 

<=) Since [e^] e M fc (M fc ) + and 5 : M k — > F7 is completely positive, [S^e^)] belongs 
to M k (W) + . We check the identity 



S(x) = (e\,---,e t n ) (x®[S(ey)]) 




only for x = e^. If we regard i? e Mfc(F*) + , then it can be verified that 
z= (e*,--- ,ey (i?(x)[S(e^]) ^ : je (V* ® A W) + . 

□ 

(2) (3) The proofs are left to the reader. 
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